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Theorem 2.3.1 (Row-adjusted GCD matrix determinant formula). Let S be a finite
factor-closed set of positive integers, and let pu(—,—) denote the Mdobius function of
the divisibility poset (S, ). Suppose that F(d,n) is defined for every d,n € S satisfying
d | n. Define the matriz A, whose rows and columns are indexed by S, by

Aij = F(ng(l»])’i) (Zvj € S)

Then

detA:H Z,u(j,i)F] 7
= jgls
jle

In particular, since set S is divisor-closed, u(j,i) = p(i/j) whenever j | i.

Proof. As the strategy of [Al could be revisited to general notion of incidence algebra, the

author of this document leaves the proof to the reader. O
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Definition 3.2.1 (Discrete Fourier Transform - @{FQ14). Let £y be a primitive N-th

root of unity. For a vector x = (zg, 1, ,ZN_1), its discrete Fourier transform is the
vector X = (Zo, Z1, -+ ,Zn—1) defined by
N-1 4
Be= zek (0<k<N).
§=0

The inverse transform is given by

N-1

1 ik .
xj:N’;)xngj (0<j<N).

=
=

F 9AA 29

Definition 3.2.2 (Discrete Fourier Transform - T4~ 7]-&). Let G be a finite abelian
group. Its Pontryagin dual is
G := Hom(G,C*),

the group of all one-dimensional representations, or characters, of G. For a function

HEE sparse matnbt b A SO o £5 7120 sparsity & Qe A0 4 2AAGEY . 24
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f: G — C, its Fourier transform is the function f: G — C defined by

7060 =" f9)x(9).

geG

The inverse transform is

1 D 1
19) =& > F0x(e)

xeé

i.e. G = Z/NZ, every character is of the form
k(i) =& (0<k<N).
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Lemma 3.2.3. Let C be an N x N circulant matriz given by Ci; = cj—;, and let {n
be a primitive N-th root of unity. For each 0 < k < N,

Vk:(Lf;c\/v ]2\;63"'7 ](\fN_l)k)T

1s an eigenvector of C. More precisely,

N-1
Cvk = (Z Cd§§d> V.

d=0

Proof. The i-th component of vy, is £&. Hence the i-th component of Cvy, is

N-1
b
(Cvi)i= )  Ci&x
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Substitute d = j — i. Then j = ¢ + d, and since all indices are taken modulo N, we obtain

N-1
(Cva)i = Z cdfi,(Hd)
d=0

N-1

ki kd
=¢N Z ca€N

d=0

N—1
(z 5N> e

d=0

This holds for every i, so v is indeed an eigenvector of C. O

Corollary 3.2.3.1. The eigenvalues of the matrix T are exactly the Fourier coefficients
of its first row.
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Adelor NJo HHE 7FAE undirected simple connected graph G} 44
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4.1 Part B. Analysis on the Spectrum of H and its

Uniqueness
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Proposition 4.1.1. 4] 2 ]2 N'7]9] H S 7IR]= (connected) complete multipartite
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a=1 a=1
k
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4.1.1 Solution 1. Various Algebraic Tricks for Random Eigenspaces
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a=1

A9l @ 4 9t 03 Aee Sgud,
AR He 2o AYEiE frse 4de o8 AdY AHEHS w27 ALt

BAEUT

Lemma 4.1.2 (Matrix determinant lemma). Let M € GL,,(F) and u,v € F". Then
the following equation holds:

det(M +uv') = det(M) (1 + 'UTM_lu) .

Proof. Set w = M ~1'u. Factoring M from the matrix gives
det(M +uv") = det(M) det(I,, + wo ).

Write v = (v1,...,v,)". The j-th column of I, + wv ' is e; + vjw. By multilinearity of the
determinant, every term containing w in two or more columns vanishes. Hence

n
det(I, + wo') =1+ Zvj det(e1,...,€j—1,W,€j41,...,€n)
j=1

= 1+Zvjwj =1+v w.
j=1

£ SR o 97 ART0IA L 1 4R, AFdAste] ersjeehE Holx of pana
olgf e 4~ JE= editorialS AT H %,

rlo
ofu
*
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Substituting w = M~y proves the claim.

= H7F A4 A7) oy TeX 244

JUST Akt

Q0] Aol BhAko 2 Halg R A
Z+51 7045 U th Matrix determinant lemmad] u =

2 jgreha,

-1,,,v=1

Mo (z) := (x—N + na)ln,

x) = H det M, ()
=11

a=1

Jnaa

{(m — N +na)" " (z—N')

k
(x — Nk H(x — N 4 ng)™ "

&% F92 BAGUT.

2149.

Corollary 4.1.2.1. By substituting M
with kI, andu=v=1 atm

det(k- I+ 1,1,) = k" ' (k + n),

where scalar k € F.

Corollary 4.1.2.2. And a more general

statement of4.1.2.1),

det(M+1,17) = det(M) (1 + IIM’lln) :

o where M € GL, ().
g,
!
Ra(@) = (@ = N 4 na)lng = Jna Lemma 4.1.3. Let M € GL,(F), then
= =0 [130] ol5) theo] Ada: 1,, is an eigenvector of M iff there exists
A € F such that every row of M has the
Ro(2)1n, = (x — N/)]-na same sum A. Moreover, \ is its eigenvalue
corresponding to 1,,.
ol 1, Ra(z) '8 H5te] Helshd,
Proof. M1,, = )\IWEI O
1 _ Na
1, Ra(z) "1n, TN
o)A [4.1.2.2) mﬁ H xLy(x) 9A] closed formo 2
UERd 4= glauch
= xL,(x) = det (xIN/ —Ly+ JN/>
~ ~ \—1
= det (xIN/—LH) . (14—1;/ (:L’IN/ —LH) ]-N/>
-1
:det(JTIN/—EH) 1—‘1—1}/ (@ |:($—N/+na)lna—Jna:|> 1N/
a=1
_ k -1
= det (eIy: ~ L) - (1 +3 (LL {(az — N4 ng) I, — Jna] 1))
a=1
= det (aly — Lur) - (1 o
et |xln H < +az=:1 (x N

=
=
fu
i
o
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Spec(H) = 0(1)’ N,(kil)} . (O {(N/ - ”a)(nal)}>

A E o] Z2L wolof oF N/7fo] E}st7] offf] multipoint evaluation

>
—

8
~

I

T(H) [ (1 + pya)*

J
o MR e & — _1‘: 2 % od & 5y E‘rl T12] 11 separable polynormaﬁ ho(z
[L+u"E "3‘7-}0}‘:’4 FPSe] dito = HH

-1
T=—p;

(@) ta(@)) - (e

i

dha

T @)

_ -1
T=—p;

2 U gho] e;7F Futh] o] BRI AR EL O(N log? N') Y th.

101714 74 Q5 T Z BAo|A ] H A “J‘?J%EE + sqrt decompositiona A2 = AFH

Holx o] BAe] Fo|2A a7 L oy

()9 AZFERE 7T & Gl AP olflo] 1ol R

60]7] A separableo]2t multiple rootE 7} ] &L oju|gc}.

TS o 22 o] EAlgTin 24eh] olHel, olF thAF Wt A e Hol BN U2 Fe.
o

- 1y A/ () ? C_ log \h(z)\ 5
AAY e; = lim —1(e ) Gy EHEvELT ol E e = hmx_)_uj_l o —— = =20 st . oA
H ¥ holomorphic ObJeCtE gE2ot= 0] tids] Zstx. (o] A 0] Residue theorem-J corollary”} o}d7}sh=
bl )

ol EZBpIAR e Bt BRik oz Sofd

"

T —p



4.1.2 Solution 2. by MO native

solution writer: applebananas

A4 Folop BAH 02 F7A) ol 2UHA] g Fol Uitk T} AZts|Eust 2] b

EAfste] B2a)4 ol B 7 ARGt 2ER o] sk LA Z ol
ok g o,

A2 e HEOlE 4T Bape] Bolg ZA AZHTA AYTE

ArE Y,

I

o FASEA A

Theorem 4.1.3. Complete multipartite graph H = Ky, ... n 19 Ly PE] I2gks
o] multiset7F FOIXH {nq, - ng} 2 multiset ESF 7oA 274 =}

Proof. & /g0l 191 n2t ZAMAPES HO| A J,, na + - +np = N'2F opy 2t 22
ZYz2y Vi, -oo Viel A 9jstAt,

H= Complete multipartite graph©] 22 A2 t}h2 B350 A4 7|8l x4 7H4 o] 17)
EAcfoFst Z2 o] YAz Hdo] EAfsA ¢t Hr

Ag, JAHYE Ay = Iy —diag(Jn,, -, Jn, )= HERE 5 QT

ol etZetder WS Aol WHH Ly = Dy — Ag = Dy — Jy +
diag(Jnu"' In )ZP*JN’E%_/F 9}\‘—4_

oW P = Dy + ding(Ju,, - Jo )2V Dy A5AR2 izt dol]ol P ojs]

2E giztsigdoln ZF AR o—?— |+= H7} Complete multipartite graph©] 22 A ozt
wheba B2 gjZsde] A&y H7 Complete multipartite graph¢lo] ©jstH P = PT,

Z Pl 9RBRLE T 5 9

Lemma 4.1.4. P9} Jy = A2 Z}2lSFC}.
Proof. Jn+ = 11711 Po] 7} 3§ 0] HBE 0] g2 H7} Complete multipartite graph¢]of| 2] 3
N’o|2& P1 = N'1o|th.
wtA, Py = P117 = N'117 = N’ Jy0]2 Jy P =117P = 1(PT1)T = 1(N'1)T =
N'117 = N'Jy:0]B& PJy: = Jy Pt 9] BAE olct, O

T2 Lemma LT ola] 9olo] #4d4 poll tha) Li, = (P — Jy)» = PP+
o1 ()PP (=Jne) ek

Lemma 4.1.5. ¢J2]9] 2}o~r < poj] gisf] J&, = N'™ Iy, PP~"Jn: = N'P~" Jn CF.

Proof. 1. J%, = N1y J%, = (117)(117) ... (117) = 11717 (1T1)7 ... 1T1) 717 =
1NI7'—11T — N/T'—lllT N/T— 1JN’E]- H uz]xﬂji % ]\:]'

2. PP "N = N/p—TJN/: P1 = N’]_Oﬂ 1T%‘ %8}% PJy = N/JN/E}' PP" N =
P(P(-+ (Py) ) = NP~"Jys0l B2 9] Al Zolct.
O
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Lemma 4.1.6. L}, = PP — NP1 ]y,

Proof. T2 Ly = (P~ Jy/)? fPP+2” (5) PP (~Jx)" & LemmafL. 15[ 0|85 ¥ s}
)T’

?i S = ZP ( )Pp T( JN’) _ Z -1 ( )Pp rN/T— 1JN/ N/pflJN/ f=1 (ﬁ)(—l)r
A, el el o3 7, (7)(— >T 02t § = —N"#~Ly07]e] L}, = PP — N'P~L ]y,
olmg 9] PAl= Foltt. O

Lemma 4.1.7. Z72jZ —JLH g o] T-RZFE9] multiseto] £o] XM, ¢ o] o] z}ois~
pojl djaf tr(LE,) 2] gk EoF -3 d5tA A=)

Proof. 115:3kel Ao 8l tr(Ly) = YN, pwild] 1gke] Ao o)af tr(Lh,) = SN, u?
™ IRZHEC] multiseto] FoF 0B o] Zr2 AF4=oln, Hol4 M, =t st} O

olAl S, = Y,cvdiEt AostH Hi= Complete multipartite grapho]2=2 o]
k k
iy midy =3 (N —d)d] = N’ Zz 4 = Zz 1 de ott.
EH T, = 1, dPek Ol 9 AL Ty = N'T, — S, Ty = k, S = N'& ZFeFsi]
el 4 g,

rr

1.0

Lemma 4.1.8. Ty = N'Ty — 5,, Ty = k, o = N'8 @HEahe 24 T, ] ot
T, = N/p( ) Z:D 1N/p 1— zS ]

oflt

Proof. 42 g o g Fgsiat.
A p=191 AL Ty = N'k — N' = N'(k — 1)o]2} 2dsHA| Zolck.

th2o= pd wff Zolet 7FYsHA p+ 1Y Wik P Holzt
9 A3HAle] ¢ ‘%% RIS T = N(NP(k — 1) — XIZ) NP17i5) — 5, =
L NPT, — N'PPS, = NPk — 1) — P N'PTiSEr 9] WAl
Zrolrt. o

E3F, M, A 9]¢}t Lemma ] o8 M, = tr(L%,) = tr(PP) — NP1 tr(Jn/)Q1H] Jno
o] Aojof| o] tr(Jy/) = N'O|B& M, = tr(PP) — N'Po|t}.

oju P EE tZgdo|ng 72t B2 Y B; = d; I, +J,, 9 el tr(P?) = 37, tr(BY)
olct.

Lemma 4.1.9. tr(B?) = n;d? + N'? — d¥

Proof. B; = diln, + Jn, RUE, I, = S B Lo B2 A9Yo] 1,8 J,, = A= 718t}
otEba], 9ot ZE =ER Bl = (dily, + Jn)? = 2 0( )il )P JL =
ro ()" H
ol Lemma [1.1.5p] o8] A% rol Wl J;, = ni =17, 7t AHstnz o2 dilstu
BY = (§)d L, + 320y (D)dy "0y~ T, T
o)A el AR FHA tr(BY) = df tr(L,) + 7y ()i "~ tr(Jn,) = nidf +
vy )T g = mdy + 300, (D)dY Tk
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aRd elg Aol o Yor_, (0)di "nf = (di+ni)P—d; e H7} Complete multipartite
grapho]|7]o]| tr(BP) = n;d? + N7 — dPo|B 2 9] WA= Zo|t}. -

o] A of 7] Lemma g A5HA tr(PP) = Zl (nid?+ NP —dP) = S, + kNP —T,t}.

o1& M, = tr(PP)— NP9 tfdotH, M, = S, +kN?—T,—N"? = S+ (k—1)N'"? —T,t}.

o|A] of7]o] Lemma st M, = S, + (k — 1)N? — (k — )N’ +
S NPolig = 5, 4 P NG

Ol Myt 444022 TS| S, A9t S S, 52T Heo] 715alH Sy —
OBz BE 5,5 sk AGH

Lemma 4.1.10. k9] gt& 9 T,2F F&H7] +& 5 Urf

Proof. 4 k=12 AL AYstEE k > 29 EHOH/"]U]' lno]—Z]—
n;s Aol A & S0l
% qnt.

O]% L—EF/\C—}E]_@-Q Sp+7n + C7rz—1Sp+m—1 + -+ C15p+1 + COS - OO] A 6 E]—

S1 Sy - S,

Sy S3 - S
H, = . . . .

R R

oA i H,2 A o|5HH, oA P o] i 4] o] AT} 9] EATGA o o3 det{H,.} # 0,
det{H, 41} = 0 ¥WEs} r gho] G4 EAst, o] Fol mee & 4 gt

S - Sm Co Sm+1

mo] s = ¢ |z EAgR As =
Sm S2m—1 Cm—1 S2m

e F-dstA @@ﬂ% STA=3 P( ) L™ 4 Cp1a™ T+ o = 09] Sl AL X

whehA 01% 53 2zt 7}%§ 229 set& o 4= e},

dl dg dm, W1 Sl
) E R O - N IR 17 Sy
HE diEe MR ogem [ 0 . = C | ol
dm dp an ) \w,, S,
Wi
PH2gs PP PP4o] 0o] o mE ol JleigHolm wtH | =
Wi,
~ ~ —1
dy dm S1
: : DR WES §YsHA 2RE 4 e, @y = N - d;Et o]
i dr Som
EF GYsH AHHRE m; = L2 o] Be fd5H AAEM k= Y m; 5
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Lo AHEER 9 HAE ol O

wtetA, Lemma [4.1.8/9} Lemma [4.1.10p] 913 T; T35t U517 24wt
Z, T1 58 Ti7bA] st 245t ol weo &5l oo 244 dy, -, diE &
02 JHAIE k3 A f(x) = [1, (o - d)o) A4-E $U5P 25 4 2k
Z[z]= UFDz} el4-BalE FAst R {dy, - -, di} 2] multiset2 7 |
Complete multipartite grapho] B2 Z}H 3] {nq,--- ,ng 9] multiset &
of §1 FAl= Zrolth. O

Remark 4.1.1. AFA T4 Lemma [4.1.100] SHEH {dy,- - ,d} 2] multiset7} HFZ
eBE §148 Bold st QAR 13 e G54 ofolclol 4D A%t

Theorem 4.1.11. A2 L2 N'7]9] HHS 7[x] 1 Q= Complete multipartite graph
H = K ) ©] Ly #2] ZREE2] multiseto] 7o ] 155 T2 H|

Hee {ny, - ,n} o] A2 OFE S s1,-++ , s, 012 o} o] 59 B E 212}
mi, -, My, ©]2F FH CAIRE nk,)f\(f;“,mz T !)7]]1:}.
Proof. Theorem [L13p] 9|3}, 44-& 78514 @4& A$ /M55 BE Jent Eo|c),

wetd R e st 39 47t golet.
ol NS SPBE SM myma, - WHE KA 2R BEG F, o] 2k o] B
Soplol 28 el 27ele) FRE B Astelotehne N oy
O

o &
9] A= ol

N'!
(nl'ng' ng!)-(milmal-m,, )
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4.2 Part A. g2 o= AHEZo| Qlr}

24 A2 gk

1 1 1
0<i<N-1 1<i<N-—1 i=0
0<j<N'—-1 j=0 1<j<N’'—-1
(2,5)7#(0,0)
H (Ai + pyz)
1<i<N-—1
1<j<N’'—1
1 1
=5 H Ai| - N H Hix| - H (Ni + pjx)
1<i<N-1 1<j<N’'—1 1<i<N-1
L1<j<N'—1
=7(G) - )N T N+ )
1<i<N-1
1<j<N'—1 J
=:f(z)

ofuf| 91 A1) N’ — 12442 r(G)r(H) folff| 2,

1<i<N-1
1<j<N’'—1
e du glong r(H)L g 28E 5 lgUch 2R ox o] Qg o Ry f(z) =
[Ticicn—1 (N + py2) 9 N'X ﬂ”PZ FE-g Wod 4 QlxUrth
1<G<N’ —1
olo1A g(x), h(z) € = ol Aottt

SHag A9 oRE Fyla] 3 f(a) = X, fia'Sh Zol T4 9] A4 BHE A8 ALUT
It AUl K — N'A. A BA A AE K > 2N'7ero] RgEgona efe gl K = aN'lS
AA AL =918 Aa AUt
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&g A PG Adsie AL mspr|= sta [ ko] Adg pEgyrk

N'—1N-1

j=1 i=1
N'—1

= H g(ps)

N'—1
flz) = 19 (pj)
j=1
N'—1
= Z szgk(ﬂjx)
j=1 k>0
N'—1
= k| Y uytt] ah,
k>0 j=1
AuA0 o] obd A4 kel thel thol AUFE & 5 AUt

BA9] 270] oJ5] Bagh WLIolA gi7t FyolAl o] F 2 sy 13 vz,

h(z) = H]5SHA| A 2]sf 1,

N’'—1 "
B 1+ pjz’

AR, (o] We] chaAe] ol F, ol So]olaol WA 9] o], A modulo pollA] trerd Ut
41 542 gl
121 O] o E 0}74]14_—9_?



o] 7] A formal power series®] 7]E 22l A2 o] 2]3],

N'—1 N'—1
32:21 1+MJ jz:l ;U'JI;)
N'—1 k
— Nk+1 (—a)

I
1
et
| S
I
8
E

o1 h(z)& h(z)qt F-51H EL}a? ofF!
87 ojz]Bo] el AR vlZ o] AalofA 2 Lh.

4.2.1 (Wrong?) Solution 2. o]A] Y o}g2]o] TR of,

(28 HE glo] 9ist dol JOIT 3 9 2 A ek 2 Al vhe 259

HEAU. Jel3 3R] hix) = 7(H) [T, (1 + pjz) e AolA gdle] 235 H¢m
Al&Eshs g2 G| FEEradE 7}0} A 27 ‘:]'EZ OPZ. ShA|gt h(z) 2 5E
h(z)E do 7 Fsl= AL =7Z0] EetE Yttt Log derivativeo] A& AJZHo[ R %.

h(.’L’) _ ef h(z)dx
Hh2 o] 2 HeA] JH B AR ZRAQ] WS WA HUcHT

“of AP A EAS

o] O] &2 H|1t criticalotA| 2H-&S S=Hbof gli= A o], SHE<t of 2B f/((x)) 22 fractional

representations && AFES$E O, polynomial ring F,[z] $JoA A& Aoty A=

S ) uio] %

ol A& ot HYrth. 011]-114 formal power series®] 8218 xAFJ o] HAG|E Zo]7]
fthoﬂl exp2] AFRE [ h(s)ds + C2 AZFsta Frel » = 0 FAHYL sho] FHLS
DA B9 AR OF P9 5 98 AU

h(O) — efd’” h(s)ds+C
=0
EE S PEREY
C ?
< T(H)=¢€" <= C=logr(H)€'F,

I3Notion of partial fraction decomposition. o714 §-2]2] B0 A4S L& 4ut QThd..

Mz zrel Aot BE 24 o2 o)A 2502 nfEHE dato|glgUth 2] [BOJ 33483 % AMAL...?
1512 =8 Aol xol7] e, of uh A e wo) 5171 v,

27



4.2.2 Solution 1. 7|Z7]9] s}

27 L 9we] QT A4S BT A4tel] 95 h(z)o] Be AHE Fsigay

tt. O8] A& ojglRo] 23 AL 7 9] coefficient representation -, hiztol &
28, oA b AARE gAY B B@S AT Aokn @E? A(x)7F wito]es

A 77 AgEA718? = o)A T

El
5
~—"

138 A& E AT

X € Fplz]o] thot] of2-& W&ot operatoﬂ@ E AAIk

h(z) = 7(H) - exp < / ﬁ(x)dx)

o thale] A4gol 09 2L 87

Z21 9] formal power series A= exp A4 A
Utk ARASE 1 002 AZHE SR 4!

ol B

16
TopR ot
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4.2.3 Solution 2. Y= 3= |}

o2 Ad S2HS e oA AR BHE 4 AAEU T

AX RS
h(:E) _ ef fz(z)dx—f—C’

o] 4]

Ay

rlo

h(x) _ C/ef h(z)ds

o tha] gtk Fy[[]]9] @Ak Abgel o2 Aa g2 [

4.2.4 oA I2gA ol A7tL?
4.

.22} formal power series®] combinatorial application ZWHol| A= A7} 73] 5%

A A 28 AR Hick B QBSo] 1o 270, 94 A& gl T Aol
oA QYA F B2 ASUTh Thek BH A0 2 el well-defined object 0] @4Te] 7}

- =
A= F1to] ofF 2T S0l A= AN O E2 6] o3l EAFYT. I F dFES

Holgeta AZpshd, @t WAE A7) Aofl oopr]| A glko] 2oz FolEuel 7= S

— o™
e

£ fps £57E SEUL 67 o4 £7lete Waw oA e Ada. fziE
o] 2] BA] §Ithe Aol Folshitar
2rio] A5t Zof SatThel v ojolA] the EAIE o] HAY w47
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Extradimensional Cosmic Phenomenon
[H]

AL
e

ora] waskahd EDITORIAL (R2-8)
olgh= Xol%. olEA st Attt Y& AR Aad 4 A7

[e)
ofu} 037717 HEsHA BEolatw 22 L1 A A%, o] MATH DOJ Contest

AN A7E EAY 2ASS AAEA L BT AL 71 EolE F-Rokal syt 2|l ol H
22 Apole... dollA Foieal A2 o] o pseudo-intuition 7|9He] FE ME=

OurE AlS 9AA = A7)l sidstaa.

0] 2] 1afskAtH o] A= As 24 Cantor-Zassenhaus algorithm-g @ 7L | 24 <]
Wol=sh 9bH BANT FHAOR kol A |70z FE8 Aol Hlejet Azs
8. o] darE]Fof ek Hot ApAet 82 kipad ] | Number Theoretic Algorithms | of| 4]
SeIa1 2 rint. Ol e revisita}719l B SLAL ol UF Bolg.

T () oA IESZE U Aol tiA off v ek &5l EES §E
ot 5271 A8g Dolgat A8 & dete] Y BE 41, 4T Aol o
21918 hRejSES: oAl o,

¢

5.1 Polynomial Algebra

ool 7t glofRoli theoremolt} lemma 2 A W& wjnieh Golz 44 Q5
o] A2l H=TP.. ol ARE S AT formalz AZHA formalz Erjokseha. 94
90,29 o]o}7] integral domairf] D 91014 o] F01 42 7]l g e

Theorem 5.1.1 (Linear Extension Theorem). F-vector spaces V, W 2} V 9] basis B7}
Fol ekl SRl 9o]] map f : B — Wof tio}o] ¢|p = f & o= linear map
¢V = W7t 3-dapA] ZAfec]

“HFrere TRek 2o B9 Bt 1R A gl Aslel 39

AFs G

rlo

Lo|5o] = t}gl 4] CRT A7k [BOJ 33479] B} B} maximal idealo]l] SESU HUSHAA 91240] 22 1 7}7]
wpofsts EE o] BAIS] ASKIA Maeh it AAE L T4

2Mathematical gatekeeping.

3Integral domain©]2t 02 A 23t zero divisorE 7}2| 2] 9F= commutative ringS E3ht}. 9197 A oH
E7F TERGE 8RRl RAVFE AT 4 Ao ofF-E integral domainoltb ekl AZVS|E A2 A A
oFA L]t} Cancellation lawlt 5412] commutativityS F7] 93t vfx]eAof &= HFol7| & JfQ.

)
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A A2E (inclusion (2t FH) of2f 9] commutative diagram © 2 UEPH £ Q&1

B . Vv

W
7VekshA] TFE algebraic structureo] A¢] H-22 B3 7FA& .

Example 5.1.1. S = {1} Cc Zzt & o, 499 group G2t YE] map f: S — G
st p o = fE TESH= group homomorphism ¢ : Z — G7} GL5H| %—ZH?_]—E]—E

S 2 Z
O
f ®
G
@02} o] structure AEjof o]EZ o] ¢f= AL T2(!) A& OS2 universal property2til: &
AUt ¢ = ‘24 Hg ek Fold xdo] o §HYthHeld).

7| polynomiale] et o|siE HAS G-

Example 5.1.2. Commutative R-algebra A (with multiplicative identity 14)2} ¥2]9]
a € A9 H5te] £, (x) = a & TFH=E3}= R-algebra homomorphism

s R[z] — A
o] L} EA .

Proof. TFe}4](..o1€ 2-2 lincar map?] dual basiso] & 55)& o]k ofolrjol 1A}
f

R0l [ ek f(2) = 5, fia'o) hstel £, chaat 2ol el

504 (Z f1$2> = Zfio/

E.7} R-algebra homomorphism -2 A A of] ]3] 2.

SHH, e 2 71& T35 R-algebra homomorphism v : R[z] — A7} QIebH

S
N = -

v (Z fz) =D (@) = fia' =& (Z M-) .

oA o = &,, Z ©]2]§F homomorphism (E2) §Ugch. 0
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Y P 2R o] g WE Tursd L.

Definition 5.1.2. Commutative R-algebra A (with multiplicative identity 14)%} ¥
99l o € A°f st o3t Zo| Ao H &, : R[z] — A+ R-algebra homomorphism
o]k

Ea (f(2)) = f(a),

T18] 31 ©]& evaluation homomorphism (at «)2tal 2t
T3 f(z) € R[z]o] thoto] & WE5t= o € RE root (of f(z))=2tal FEch:

5.2 with some Applications

Example 5.2.1 (Division Algorithms in R[z]). R©] commutative ring (with 1)0]3.
f(x),g(x) € R[z]o]g} S}A}. o]uf] WeF g(x) 2] leading coefficient”} unito]H th-2-& THE
St q(2),r(z) € Rlz]& +L3H AT

f(@) = g(x) - q(x) +r(x) (deg(r) < deg(g))-

Example 5.2.2 (Remainder Theorem). R©| commutative ring (with 1)o]2} 5}#}. 2]
Me] NZHE o € R, f(z) € Rlz)ol hotol TS MESE (z) € Rl)%} r € RY

AT G e RAY S gk

Example 5.2.3 (Multipoint Evaluation). Field F2] A& t}2 ¥4 ag, a1, ..., 0, 1°]
tiate] V = {f(z) € F[z] | deg f < n}&} 314t o]w] V= vector spaceo] B2 Z} a; 9] 4] ]
evaluation functional& ¢; = &,, |y € V*2 & 4 111, ©]uf linear map

n—1

SZHEZ‘IV—>F”, f'—>(€0(f)7~-~75n—1(f))

=0
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L isomorphism©|t}.

Proof. £(f) = 0°]9 f= A2 2 n7i9] root ag,...,a,—12 7Y 18d deg f < n
o|B 2 f =0, @2} £ injective. TA]o] dimp V = n = dimp F"0]2 &2 £%= isomorphism

Example 5.2.4 (Lagrange Interpolation). 99} Z2 ag,...,a,—17 U9
bo,b1,-..,bn1 € FOl HiSted fa;)) = b (0 <4 < n—1)F TEsh= f(z) €
Flz] (deg f < n)o] otz 22 FHI = EA5HH

Zb H “
)
a; — a;
= 0<j<n v J
J#i

o]

rr

Gelsiet.

Proof. Example [5.2.30] &3] £ : V — F"2 isomorphismO| 22 (b, .
= e 24,

Fm 2] standard basis®] i-HA] LA H-S5H= Vo] i

., bn—1)2] preimage

li(z) = S
0<j<n i = a;
Jj#i
w2hA] linearityol] 2]3f
n—1

E(bo,s - by—1) Zbi&'
i=0
o|al o] 9] FUA HA| AAAHA oyt

Wall MaridP]

5.3 ...and its Quotient Algebra

Definition 5.3.1. D x (D — {0})°] o2} &2 equivalence relation

(a,b) ~ (¢,d) < ad = be, (a,b,c,d € D, b,d+#0)

< F3,a,b € D, b # 0°] tdll (a,b)2] equivalence classE o=z [4]9} Zo] &
715t 35Ut} olu, o]8gt Qp = (D x (D — {0}))/ ~& field of quotients of Dz}l

9Field of fractionszt1l E8|7| = gUct T2 BELAGu?

5Hierarchical filter.
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Qp2 G FA A ot e} Zo] well-defined.

Definition 5.3.2. a,b,c,d € D (b,d # 0)°] T3},
ad + be a c ac
1-1== G- E
A717HA] 9] A" o] B9t o 2 a% H 24 Qp7F AR fieldjol S W3t 4= 95 Yrh. o]
32 2oh) 9] ol go] gl& Aol st ohg T2 dolslz.

ANAE AE et field Qpoll talixl= D C Qpetal BHe=A gha A E5Uth. 181 g =,
7 vigtE 12} S| (injective) ring homomorphism j: D — Qp:

2 A7t o] AAAREU. 18 Qpi AR DR identify 527

ay _ra I 1

B1=15)[3] ~s0 w7 @renozo

obreE 17 A guaf] By
3

D =Qpd AHE A4
22]al ofA| EoHal 42wt

otUz}, D7} fieldo]™H 37} isomorphismY-2 H Y 4= Q17]9
M

&) AeiRAEUH

Proposition 5.3.3. D& subring® 2 ZH= field F2F canonicaEl embedding v : D — F
of thslo] thgo] 7L WHESH= field embedding ¢ : Qp — F o] §-U3pA ZATT]:

poy=1.

%~ natural?

~

£] diagramo| commutest® ¥ a,b € D, b # 0] tjjscloq

¢ ([3]) = (@)™ = laye(d) ™

b
61 = nonzero element7} invertible¢l commutative ring2 fieldgtal =3ttt o] A... I# & 9L 4= 9l@ota
T30 o]AEY QpI e AL 1A LUt ok R4 Ak 2 4 BAE Aol HoAFA

eyt
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2 gz aforstnl, nfebA that 2ol map S HOT 4 YU
0:Qp— F, [%} s o(a)e(b)"L.
ol [¢

b,d # 00]1L 7} injective©] B2 +(b),c(d) # 0. F
te)(d)71e dE 4§ glor g = well-defined

oA Qpell A Helet ST FA-2

e ([5) 1
e (51

)=
)=

Ul O

c

d

st

([57]) =+

_|_

#([ha)) = w({b})w([db-

ET o([1]) = 1pO] 22 ¢E ring homomorphism Yt} Lrotrt o([4])

H .
w2tA a = 00| B2 ker p = {0}. &, p+= field embedding©]

et = () - o
FxHog 9oXe Holy] o e AL utEs
= Azt
v ([% ) = ¢((a)s(b)7Y) = wla) () = ¢ ({7
olBE ¢ = o, Z o]dTt p= gAF T
ot oJ A5 72 o] Wyt

5.4 Ideal Basics

—

1. 29 HA7I o] T =& 5}= pE irreducible element (in D)zl

Va

2. th2-9] WA|7} Zo] EEE Sl= pE prime element (in D)2}l

,be D,

Definition 5.4.1. Integral domain Do ths}te] p € D2}al 5}&¢
o|H

VYa,b € D,

80] 218 homomorphismo] I 3§_ T ARORS tje]ste]
AE

wfegheh ofo] ol .3
9Universal property. 2= a2
ZARAE dF?7

A= B HE
w7 et o

[e]
e 24

plab = plaorp]|b.

AH evaluatione A|A|H =

e HAT 9l

Gkl

a

b

| = [£]2}9¥ equivalence relation®] A Jo] &5} ad = be. 97]9] & 7}5}H

al)

)+l

1= ring homomorphism ¢ : Qp — F

/)

ojuf p # 00]1L p ¢ D*

Ol

ek

p=ab = a€ D* orbe D*.

ZAdto 2 A mapping

Agola7hR? 1 Bk



=2, A2 EH prime element+= A} irreducible elemento] 7] & 4t

Definition 5.4.2. Integral domain D9] ideal®] B principal idea]ﬂolﬁ 143t D&
Principal Ideal Domain(PID)o]2}1l 2t}

2914 SIUE generateX]+ ideal. O|EH|® (a) = Da = aD+ a € D7} generates}+= principal ideal
QI

Definition 5.4.3. Commutative ring Ro| |5} t}&9] ZAES WZESH= pE prime
idealo]gt H=t}:

1. p< HY
2. ¢19]9] q,b e Ro| tj5to],abep < acporbep.

“Tex K9 AR 7|22 HHSHA] ZSIAEH, p # RolojoFgtH .

Definition 5.4.4. Commutative ring R tj3f] t}-2-9] ZAES WE5= m2 maximal
idealo] 2t HEcH

1. m< R4

2. m In <R3 nofl tfsto] n e {m, R}.

243 §AHA, m £ R.

oe WARE AlzaE AL

Proposition 5.4.5. Mazimal ideal2 & prime idealo]T}.

=

Proof. m©] RQ| maximal idealo|g} 5}2f. A o] ¢J5]] R/mo] integral domain®]HA] 5-A]
field™] gt# o]® ideal p € R7} prime idealq] A7} R/po] integral domaindl 2 HA] 2] ¢
A olo] olaf g st &M m- prime ideal.

f

O

Corollary 5.4.5.1. Integral domain Doj] tfo}of char(D)+= 0 22 prime numberﬂ

1= D= JA Z B2 Z/pZ2} isomorphicyt subringS-... 017

Corollary 5.4.5.2. F7} finite fieldo]H C}-S& ofZsl= ofjE o nil £~ po}f
=2t
[F| =p"

5SS Woki AolA F 0d TG AA5Ealel Bt Ape AAEAL A2
g0 et Wol o4l grig.

1o a9sta?
Rk A b
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Definition 5.4.6 (T4 obd, 20| o71712] & 7 7F B3 7}Al). Integral domain D]
tisle] th2-9] A& WE5HH UFD(Unique Factorization Domain)2tal B2t

(1) 999 nonzero nonunit a € D= {71 9] irreducible element=2] 2
=

= SEE
A ]

a=PpiP2-- Pn

+= irreducible elements pq,

(2) 99 e BRL

s

unit?t SAS AQSHH GAsict. A A2, irreducible ele-
mentsof| tj5}o]

.., € D7} EA]ITE

PiP2 - Pm = q142 - - qn

| m = nolil, oJ# permutation o € S, T} units uy,...,u, € D*7} EA5}IA
+ ol Hish
Pi = UiGo (i)
7t ARa
Wall Rose

gol glovl =9 dauth

5.5 Field Extension

Definition 5.5.1. E+ field. o] oJH o € Fof tjjs}o]

(1) E9] subfield Fof| tj5}o] B F 9] extension fielda} $rH[]
(2) E€] subring Rol| tjato] Rla]: subring of E generated by RU {a}2 A o=t}
(3) E/Fo) t6t] F(a)E subfield of E generated by F U {a}2 Aot}

@23 o|e} e PAE E/F= £t}

ol AolE woll & AEAH o A= e & sy

Example 5.5.1. Field extension E/F¢} a € Eof ths}od,
Flo] = {f(e) € E| f(2) € Flz]}

2. Fla) = {£3 € B| f(2),9(x) € Flal, 9(a) #0}

A7,

Example 5.5.2. F(a)= Fla]9 field of quotients.

ol ] ok o] Aol Abw ALt
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Definition 5.5.2. Field extension E/F2} o € E°f t5}¢], evaluation homomorphism
Eo i Flz] = EE AZolA}. o|df ker &, # 0 ©]H oE algebraic element (over F)2}il

Hoo 782] ¢ 739 transcendental element (over F)gtil HE2t}

LEE g O SaTTh

rr

Example 5.5.3. Field extension E/F, a € Egt 5}&}. ol Fla] = F(a)°]H «

algebraic over F.
TR A A oA AFUE H 5L settinge] A,

Lemma 5.5.3. o7} algebraic over F2FH

Proof. First Isomorphism Theorem®]| 2|3
Flz]/ ker &, =2 imé&, = Fla].

1831 Fla)e field E9] subring, Wj&29]| Fla]& integral domainQyuth. wabA (Fg2]of 9]
3l]) ker E,= Flz]2] prime ideald2 £33ttt $HH, PIDO] non-zero prime ideal2 &HA4F
maximal idealo]2 & ker £, = F[z]9] maximal ideal. &, Flz]/ker &, = fieldo|H Fla] =
F(a).

O

23 239 ker £, T3 o] o thgH4] irr(a, F)E unique generators 7HE
o,

Definition 5.5.4. o7} algebraic over F% ], prime ideal p, =

{f(z) € F[z] | f(a) =0}%= unique monic irreducible generatorE 7} &5}
Zt. 183 o] & irr(a, F)EF E7]5}3 irreducible polynomial (of « over F)2t E-2rc}.

2272 Bol] WL WAAE (EH o] ub ) linear algebr:aIELE'E porting®t 4= Q1A =
A5y

Definition 5.5.5. E/F7} field extension®]™ extension degree of E over F'& th-21}
o] Hojgick
[E: F)=dimp E

@

“BE F-vector spaced] SIAshotlE 225 Felvt dgUth tha AZRAGH vj2 ofgo] Folxlt
propositiong Fx.

Proposition 5.5.6. E/Fof tfjslo] a € EZ} algebraic over FOo]H F(a)/F £ finite
extensiono]
[F(a) : F] = deg (irr(a, F)) .

PLAE oA A
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AE : F] < coo|H EE F9 finite extnesiono|gtl EELtt.

Proof. n = deg (irr(o, F))2t 3P set {1,a,---,a""'}o] (F-)linearly independent®-2

irr(a, F) 9] #olol olaf 2. =, S e’ = 0 2 E&%—O}Eﬂtﬂ ag,ar, -+ ,ap-1 € Fi

& oo]ojobgt gyt 12|11 [5.2.2°] Remainder Theorem} 5532 FE F(a)2] 92l

Pt oW k4] f(r) € Flafo] 215} &, (F(x)2 ERHE FAT 4 ek Teb

{1,a,---,a"1}= F(a)9] (F-)basis set O
Wall Sina

Theorem 5.5.7 (Kronecker’s theorem). Field F 2} irreducible polynomial p(x) € F|x]
of tfisfl p(a) = 09 aF EHd}F= F 9 extension field E = F(a)7F X eFCF.

Proof. Flz]= PIDO]AL p(x)+ irreducibleo] 22 (p(x))= maximal ideal. @2hA quotient
ring E = F[z]/ (p(x))= field.
O] A canonical map
t: F— E, ar— a+ (p(x))

£ A2t} p(z)= nonconstant polynomialo] L2 (p(z)) N F = {0}o]1, wetA 1= in-
jective field homomorphism. o]of] F& ((F) C E9} identifystH EE F 2| extension fieldz2
2 % et B o = o + ()2 B pla) = plx) + (p(x)) = 0. EFF Qo]
f(z ) € Flz]of thell I residue class= f(z) + (p(z)) = f(o) 2 BERAEEZ E = Flo]YYT
E7} fieldo] 8.2 Fla] = F(a), T4 £ = F(a)o] 1 pla) = 0& BEFIT. .

A Aele sl dEdun. I A8siETed iR AT Aok ofl =7t ARl
v8.

E

Example 5.5.4. F(2)+= field F oA A 95 rational functiono]| o]2 = field. o]uff
2" —z € F(z)[z]&= F(z) YollA irreduciblec] B2 F(z)[z]/ (™ — 2)& F(z)2] extension
field. (&}, n € N.)

SHAIRE 24 EolE St ot o] 8ol € Fashdl g,

Lemma 5.5.8. ¢/2]/9] nonzero polynomial f(z) € Flz|9f tjo}o], n = deg f&} 5}H
o] F 9] extension field K2F \1,..., A\, € K7} EX]5}¢]

f(x)ZaH(x—Ai) (a € F)

2 Qleafldt

dm

5] K = F(h,....\) 2 & 5 9ot

Q87 g3 g Yol 2o 5B Ul eue Aasds
Definition 5.5.9. 7125} extension & 7} 22 K/FE f9 splitting field=} et
ol tlo] 4 2|7t &4 7]&2] 2] 4& “PFof gt FA712] miscellany” FE27 A o] {7t =

gheol FRah



oA A oF finite fieldE A= olop7] Ut ¢4 off o] A2 HE..

Observation 5.5.10. 2 0]4}-9] == poj tjs}o] ofzfe] HAl= == |0
1. Z/pZ-E= integral domain.
2. L/pZ-= field.

3. p= prime number.

a7k 575kt 4l © ¥ integral domaind} field9] A oS &4 R @ A|H EHZl&SUTh (Hint: o 7] A4 zero
divisor7} A7]A] ¥ WeEHZ AL ?)

Qlom, o]E finite field2t1l ke HEL

Ta

=il 9] Z/pZztAl sk A2 FpRtale &
= t}. 719 o]A| characteristico] p > 0

p
ofel e RS0 AP A 02t 4]
A~

Observation 5.5.11. char(F) = 09/ field F o] tfs}o] Fx] 9] irreducible polynomial-S
separabld®]

*tkg4jo] separableo] 3, ¥l Folol 4= AFMA, multiple rootS 7447 ¢S Eghet.

Proof. ARHE AR 5Ytt ek irreducible polynomial f(z) € F[x]7} multiple rootE 7}#th
H ged(f, f/) # 1. 19| f7} irreducible polynomialo]| 22 f | f'o]o]oF 5}al, deg f/ < deg f
ojB® f'=0. wetA fi= AFolal o] f7} irreducibleo]2t= ZHF o K O
E3h 59 A A IEeHlE U T

Observation 5.5.12. char(F) = p > 09/ field Foj tfjs}o] c}-52] f(z) € Flz]2
seperable polynomialo]C}:

flz) =29 —z.
(& q=p")

Proof. ..[l%] O
ag...

Definition 5.5.13. Order ¢ = p" ¢l finite field F,+= splitting field of 7 — x over F, 2
HolHIcH

*Uefetd o] £

AA] @A kA Foof G T, field isomorphisme]l B8t &5 B3)717] o2 ¢

HEZ pe 45

19714 ARG, f(z) BIEHA ged(f, f/) = 12074 Holdllas!al
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24

N7R9 AHE 71A= AT Gof thste] (finite field) Fp $29] 1aplacian matrix—g Lg,
23 N'AN 9] FHe 7t 2 Holl tisto] quotient ring Fplz]/ («X — 1) ¢
9] laplacian matrixE Lz} 22} 18|31 Lg9 eigenvalue Ag, Aq, - - 7)\N,1J/]- Ly9
eigenvalue puo(x), p1(2),- -+, pn—1(x)oll A5k (R, Ao = po(z) = 0), T2 T4

1
NN OS1;<[N ()\i + Mj(.%‘)) S FP[ZE]/ <$K — 1>

0<j<N’
(1,5)#(0,0)

2 Fatelel. (@ ged(P,K) = 1900] A

ZA| A} rootenter

aAt obA AFWE CRTL} Cantor-Zassenhaus algorithm-& o] zto] 2-8&38|5FA|H EHuth Polyno-
mial ¥ — 1-& irreducible & o8l o2 Z7jo] THA] Fplz]Q] quotientE TLoFH Iuf v]=A field7}
Fut

bo] 2710] Q= /z}fg,]-oﬂ*‘] SEo 2 ZH| ()Y =9 WO]E% 1 £0]7}= decomposition recon-
structions] BRIt} oF - 19] 978 ol §aA) H...(olaF A2k po.7p.6.8 2)

cojgdoz uhek K = P — 1o|gthd 2P -1 — 12 separableol_L BE ol F§ Slol A} ut
2t Fplz]/ (zP~1 — 1) CRT| 93| P — 17112] Fp 2] direct product®} 1somorphicé]—1, Z} ol A 9]
evaluation ol §5te] Pz} $5p] DFTE 202 483 4= it 8!

5.6

mol

IARE 2 AdsEA=

Example 5.6.1. [2025 KAIST 15th ICPC Mock Competition: Misdeed -la bonté de
Dieu et lorigine du mal- (Ruby V)]

F,ollA¢] data point®} (polynomial) functional Ato]€] duality7} AASICHA o]=
*}Olﬁ @7H= WS 2 245 homomorphism g 2 7 2]

F23paqz=.

Example 5.6.2. [[CPCCamp 2015. Day 4. Grand Prix of China: Tri-color Spanning
Tree (Diamond )]

< "ot P ¢to] ‘ThFAolgt E8-9= commutative ring Fplz]9] ¥4
Aole 1 ofd e syt

Example 5.6.3. [A]43] 128§t MatKor Cup. 2024 Winter/Spring: sH=o} «-tff 2
7} (Ruby V)]

Field extensiono] 7}u|H (ternery) FWHT. DFTo] tigt o]k HAMAAL Zoj&
g g A=sfEaeiyn.
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Example 5.6.4. [Petrozavodsk Summer 2016. Day 8. DPRK Contest: Easy Homework
(Ruby 1117

¢t = HA skt Mo (F,) = AFs] 2 4EE0] @7 Fo13 (commtative) algebra
ot Z & discrete lograithm algorithmfle T2 S-gotojx Tapghct.

a2 Az U7t EA7}...2
bBSGS etc.

Example 5.6.5. [BOJ 25510: Lord of the Characteristic Polynomials (2) (Ruby IV)]

St |7 E]7...01 ]

“Integral domain©] THItS}LLFOL

Example 5.6.6. [Petrozavodsk Winter 2020. Day 9. Yuhao Du Contest 7: Knowledge-
Oriented Problem (Ruby II)]

Spectral graph theory + Combinatorial spanning tree counting.

Example 5.6.7. [#]23] 7|5t BH: Binary Matrix (Ruby II)]

Finite field + Cantor-Zassenhaus algorithm.

Example 5.6.8. [4]63] 2225t MatKor Cup: 2025 Winter: grolet-2-2 (Ruby I1)]

o] Aol o] Zuk Az} g ofo]t]ojE T
5 eIA ...

“tkg4] Ql4-He) 5 CRT. that 522 714
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A Solution by a Professional:

nflight11 ®UCRC 2026.5.25. 271
XA "t

nflight11 ®UCRC 2026.5.25. 27 6:11
20|12

Let Gij = ged(i, j) ! and Djj = id;; then A = DG so det A = det Ddet G = N!det G.

Let another matrix B as Big = [d|i] when [] is Iverson bracket then B ¢ SLy(Z) since it is triangular with unit
main diagonal so there uniq ists E with det B = det G and G = BEB' , that is, E = B 1G(B1)".

If we assume E as diagonal. d(i,3) 7 = Gij = Xy BisEroBia = Saigeagy Bre = Soajgeatig) € We can
use Mébius inversion to get value of e, because n™' = 32, ex. en = 3,1 u(@)(1/(n/2) " = 015, ap(a).
Of course ¢ is multiplicative so

1
en=]lem =11 <p Y 77"’/1(1:"‘)) =11 (l‘ ZI’"[I'(I'M)) =IIr a-p=n'Tla-p.
0

pin pin m=0 pln pln pln

Thus, diagonal matrix I with its diagonal entry are n' [T, (1 - p) actually satisfies G = BEBT.

det G = det B = [} en = N' T2 TT,p(1 — p) s0 det A = N'det G.

N
detA= ][]t -» II a-pwe.
n=1p|n PSNAPEP
It can be calculated in O(N) time for precompute prime table and O(w(N)log P) = O(N log P/log N) time to
calculate products, so overall time is O(N log P/ log N).
Sample code is as follow
N = int (input()); mod = 10%%9+7
if N == 1: print(1); exit(0)
table = [i%2==1 for i in range(1+N)]; table[1],table[2] = False,True
ret = pow(1-2,N//2,mod)
for p in range (3,1+N,2):
if tablelp]

ret *= pow(1-p,N//p,mod); ret %= mod

for q in range(p*p,1+N,p): tablelq] = False
print (ret)

I2eE PERtOIC

rootenter & AC 2026.5.25. 27 7:48
Bt

OiC|A E748H 2 OfIE 22

2= e

lunarlity @ DOJ 2026.5.25. 2% 12:50

what
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